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Abstract

In this paper, we introduce a new family of argument-ranking
semantics which can be seen as a refinement of the classi-
fication of arguments into skeptically accepted, credulously
accepted and rejected. To this end we use so-called social
ranking functions which have been developed recently to rank
individuals based on their performance in groups. We provide
necessary and sufficient conditions for a social ranking func-
tion to give rise to an argument-ranking semantics satisfying
the desired refinement property.

1 Introduction

One of the core problems of computational models of ar-
gumentation is to classify the quality of arguments in the
context of a larger discussion. In abstract argumentation,
this is usually achieved by checking whether an argument
is contained in a set of jointly acceptable arguments, called
extensions, according to one of several well-established se-
mantics. While these semantics provide a natural way to
rank arguments based on the larger context of the debate at
hand, they only allow us to distinguish three types of argu-
ments: the ones that are skeptically accepted, i.e. that are
contained in every extension; the ones that are credulously
accepted, i.e. that are contained in at least one extension;
and the ones that are rejected, i.e. that are not contained
in any extension. For this reason, more fine-grained ways
of comparing arguments have been proposed, namely the so
called argument-ranking semantics (Cayrol and Lagasquie-
Schiex 2005; Amgoud and Ben-Naim 2013; Amgoud et al.
2016; Bonzon et al. 2016; Heyninck, Raddaoui, and Straller
2023). However, generally, such argument-ranking seman-
tics are technically quite distinct from the extension-based
classifications of arguments that are more commonly used.
In this paper, we propose a new way of ranking arguments
which can be seen as a true refinement of the classifica-
tion in skeptically, credulously and not accepted arguments.
To this end, we combine two strands of literature that have
emerged recently, namely extension-ranking semantics and
social ranking functions, in a novel way. Intuitively, social
ranking functions allow us to rank elements based on the
quality of sets they are contained in. These functions were
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first introduced in the economics literature (Moretti and
Oztiirk 2017), in order to judge the performance of individu-
als based on the success of groups that they were involved in,
and has received significant attention from economists and
computer scientists (Khani, Moretti, and Oztiirk 2019; Haret
et al. 2018; Bernardi, Lucchetti, and Moretti 2019; Suzuki
and Horita 2024). Unfortunately, semantics that only distin-
guish between sets of arguments that are jointly acceptable
and the ones that are not do not provide enough informa-
tion to construct a fine-grained ranking of arguments by ap-
plying a social ranking function. Closer to our needs, Skiba
et al. (2021) recently introduced so-called extension-ranking
semantics that refine and extend classical argumentation se-
mantics by providing a partial ranking over sets of argu-
ments. We employ social ranking functions to this ranking
to compare single arguments based on how often an argu-
ment can be found in a better extension. Thus, an argument
is preferred to another in the resulting argument-ranking if it
contributes to making a larger number of sets acceptable (to
a higher degree). Indeed, in this setting social rankings cap-
tures a notion of contribution relative to a specific semantics.

Unfortunately, as mentioned, extension-ranking seman-
tics only provide a partial ordering, while social ranking
functions generally take total orders as input. We therefore
first generalize the theory of social ranking functions to al-
low for partial orders, using the so-called rank of a set.

We then show that, by applying the right social ranking
functions to an extension-ranking semantics, we can define
argument-ranking semantics that are a refinement of the tra-
ditional skeptical/credulous acceptance of arguments, both
in spirit and in a strict technical sense. More precisely, we
show that by applying the lexicographic excellence opera-
tor introduced by Bernardi, Lucchetti, and Moretti (2019) to
the extension-ranking semantics of Skiba et al. (2021) we
generate an argument ranking such that all skeptically ac-
cepted arguments are ranked before all credulously accepted
arguments, which are, in turn, ranked before all rejected ar-
guments. More generally, we show which axiomatic proper-
ties are sufficient and necessary for a social ranking operator
to give rise to such a ranking (Section 4). Additionally, we
show that the argument-ranking semantics induced by the
lexicographic excellence operator satisfies these properties
and is thus an example of an argument-ranking semantics
that satisfies our refinement property. We conclude by dis-



cussing related work (Section 5) and then summarizing our
results and highlighting directions for future research (Sec-
tion 6). Omitted proofs can be found in (Bengel et al. 2024).

2 Preliminaries

In this section, we introduce the basics of abstract argumen-
tation literature for our work. We will start with the stan-
dard model of abstract argumentation, before introducing
argument-ranking and extension-ranking semantics.

Abstract Argumentation Frameworks An abstract ar-
gumentation framework (AF) is a directed graph F
(A, R) where A is a (finite) set of arguments and R C Ax A
is an attack relation among them (Dung 1995). An argument
a is said to attack an argument b if (a,b) € R. We say that
an argument «a is defended by a set E C A if every argument
b € A that attacks a is attacked by some ¢ € E. Fora € A
we defineap, = {b| (b,a) € R} and a}. = {b | (a,b) € R}
as the sets of arguments attacking a and the sets of argu-
ments that are attacked by a in F'. For a set of arguments
E C A we extend these definitions to E and E} via
Er = Uyepar and Ef = U, cp af, respectively. If the
AF is clear in the context, we will omit the index.

Most semantics (Baroni, Caminada, and Giacomin 2018)
for abstract argumentation are relying on two basic concepts:
conflict-freeness and admissibility.

Definition 1. Given F' = (A, R), a set E C A is: conflict-
free iff Va,b € E, (a,b) ¢ R; admissible iff it is conflict-
free, and every element of E is defended by E.

For an AF F we use cf(F) and ad(F') to denote the sets
of conflict-free and admissible sets, respectively. In order to
define the remaining semantics proposed by Dung (1995)
as well as semi-stable semantics (Caminada, Carnielli, and
Dunne 2012) we make use of the characteristic function.

Definition 2. Foran AF F = (A, R) and a set of arguments

E C A the characteristic function Fr(E) : 24 — 24 is
defined via:

Fr(E) = {a € A|E defends a}

An admissible set E C A is a complete extension (co) iff
E = Fr(E); apreferred extension (pr) iff it is a C-maximal
complete extension; the unique grounded extension (gr) iff
E is the least fixed point of Fr; a stable extension (stb) iff
E;f = A\ E; a semi-stable extension (sst) iff it is a complete
extension, where E'U E}r is C-maximal.

The sets of extensions of an AF F' for these five se-
mantics are denoted as co(F), pr(F), gr(F), stb(F) and
sst(F’) respectively. Based on these semantics, we can de-
fine the status of any argument, namely skeptically accepted
(belonging to each o-extension), credulously accepted (be-
longing to some o-extension) and rejected (belonging to
no o-extension). Given an AF F' and an extension-based
semantics o, we use (respectively) sk, (F'), cred,(F') and
rejo(F') to denote these sets of arguments.

Example 1. Consider the AF F = (A, R) depicted as a
directed graph in Figure 1, with the nodes corresponding to
arguments A = {a,b,c,d}, and the edges corresponding
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Figure 1: Abstract argumentation framework F; from Ex-
ample 1.

to attacks R = {(a,b), (b,¢), (¢,d), (d,c)}. We see that F
has three complete extensions {a},{a, c} and {a,d}, where
only the last two are preferred. In addition, we see that, a €
skeo(F1), ¢,d € credeo(F1), and b € rejeo(Fy).

An isomorphism -y between two AFs F' = (A, R) and
F’' = (A’, R') is a bijective function 7y : F' — F” such that
(a,b) € Riff (y(a),v(b)) € R forall a,b € A.

Argument-ranking Semantics Instead of reasoning
based on the acceptance of sets of arguments, argument-
ranking semantics (also know as ranking-based seman-
tics) (Amgoud and Ben-Naim 2013) were introduced to
focus on the strength of a single argument. Note that
the order returned by an argument-ranking semantics is
not necessarily total, i.e. not every pair of arguments is
comparable.

Definition 3. An argument-ranking semantics p is a function
which maps an AF F = (A, R) to a preorder' =%, on A.

Intuitively a =%, b means that a is at least as strong as b
in F. We define the usual abbreviations as follows; a >%. b
denotes strictly stronger, i.e. a =" band b #%. a. Moreover,
a ~%. b denotes equally strong, i.e. a >4, band b =% a.
a >y, b denotes incomparability, meaning that neither a =%,
bnorb =, a.

Traditionally the development of argument-ranking se-
mantics is guided by a principle-based approach (van der
Torre and Vesic 2017). Each principle embodies a differ-
ent property for argument rankings. We recall one of the
most fundamental principle (Bonzon et al. 2016) as well as a
newer one, which is closer to the extension-based reasoning
process (Bliimel and Thimm 2022).

Definition 4. An argument-ranking semantics p satisfies the
respective principle iff for all AFs F = (A, R) and any
a,be A:

Self-Contradicition (SC). Self-attacking arguments should
be ranked worse than any other argument. If (a,a) ¢ R
and (b,b) € R then a =", b.

o-Compatibility (o-C). Credulously accepted arguments
should be ranked better than rejected arguments. For
an extension-based semantics o it holds that if a €
credy(F) and b € rej,(F), then a =", b.

Note that principles are not always compatible with each
other (Amgoud and Ben-Naim 2013).

Extension-ranking Semantics Extension-ranking seman-
tics defined in Skiba et al. (2021) are a generalisation of
extension-based semantics. These semantics are used to for-
malise whether a set E is more plausible to be accepted than
another set E'.

'A preorder is a (binary) relation that is reflexive and transitive.



Definition 5. Let F' = (A, R) be an AF. An extension rank-
ing on F is a preorder over the powerset of arguments 2.
An extension-ranking semantics 7 is a function that maps
each I to an extension ranking 1% on F.

For an AF F' = (A, R), an extension-ranking semantics
7 and two sets E, B/ C A we say FE is at least as plausible
to be accepted as E' with respect to 7 in F' if E J7, E'. We
define the usual abbreviations as follows: E is strictly more
plausible to be accepted than E’ (denoted as E 1% E')
if £ 3% E’ and not E' J7, E; E and E’ are equally as
plausible to be accepted (denoted as E =7, E')if E 17, E'
and E' J7. E; E and E’ are incomparable (denoted E <7,
E’) if neither E J%. E' nor E’ J7, E.

Skiba et al. (2021) defined a family of approaches to de-
fine such extension-ranking semantics. Their semantics are
generalisations of the classical extension-based semantics.
Using these semantics we can state that a set is “closer” to
being admissible, than another set. Before we define the se-
mantics, we recall the base relations, each of them gener-
alises one aspect of extension-based reasoning.

Definition 6 (Base Relations (Skiba et al. 2021)). Let F' =
(A,R) be an AF and E C A where the function Fj, :
P(A) — P(A) is defined as Fi-(E) = U2y Fip(E)
over the powerset P(A) of A with Fi p(E) = E and
Fip(E) = Fy p(BE) U (Fr(F_y p(E)) \ Efr). Each
base relation o« € {C'F,UD, DN,U A} is defined via:

* CFp(E) ={(a,b) € R|a,b e E};

* UDp(E) = E\ Fp(E);

« DNi(E) = Fp(E)\ E;

s UAp(E)={a€ A\ E|=3b € E: (b,a) € R};

For every base relation, the corresponding « base exten-

sion ranking J% for E, E' € A is given by:

E 2% E'iff ap(E) C ap(E')

CFr(E) gives us the conflicts of the set E, UDp(E) the
undefended arguments of E, DN (FE) the defended but not
included arguments of E, where F}. is a generalisation of
the characteristic function modelling consistent defence, and
U Ap(FE) the unattacked arguments of E.

By combining these base relations, we denote the
extension-ranking semantics.

Definition 7. Let F = (A, R) be an AF and E, E' C A.
We define: Admissible extension-ranking semantics r-ad
vie E J%d B iff E 2%F E or (E =4F E' and
E JYP E’). Complete extension-ranking semantics 7-co
via E J%e B iff E 2% E' or (E =4 E' and
E 2PN E'). Preferred extension-ranking semantics 7-pr
via E JUP" B iff E O3 E or (B =% E' and
E’ C FE). Grounded extension-ranking semantics r-gr via
E ;71”::97‘ El lﬁCE :Igco E/ or (E E%—co E/ and E g E/).
Semi-stable extension-ranking semantics r-sst via £ 1555
E'iff E 3% E' or (E =5%° E' and E JY4A E').

In words, one set E is at least as plausible to be accepted
as B’ with respect to the admissible ranking semantics, if £
has less conflicts than E’ or if they have the same conflicts,
then we look at the undefended arguments.
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Example 2. Continuing Example 1. Comparing sets £1 =
{¢,d} and Ey = {a,c,d} with the admissible ranking se-
mantics, we see E and E' have the same conflicts (c,d) and
(d,c), but Ey defends argument ¢ from b, so F :I}'l‘ld E,
FE5 is closer to be an admissible set, then E.

Extension-ranking semantics also follow a principle-
based approach. Before we recall the principles defined
in Skiba et al. (2021), we need to introduce the notion of
most plausible sets, i.e. sets for which we cannot find any
other sets ranked strictly better.

Definition 8 (Most plausible sets). Let F' = (A, R) be an
AF, E,E' C A two sets of arguments and T an extension-
ranking semantics. We denote by max. (F’) the maximal (or
most plausible) elements of the extension ranking 7., i. e.
maz,(F)={E C A|JE' C Awith E' O} E}.

The principle o-generalisation states, that the most plau-
sible sets should coincide with the o-extensions.

Definition 9 (0-Gen). Let o be an extension-based se-
mantics and T an extension-ranking semantics. T satis-
fies o-soundness iff for all AF: mazx,(AF) C o(AF).
o-completeness iff for all AF: max,(AF) 2 o(AF).
o-generalisation iff T satisfies both o-soundness and o-
completeness.

Additional principles can be found in Skiba et al. (2021).

3 Social Ranking

Let us now introduce the final piece of our puzzle, social
rankings. Let S be a set of arbitrary objects like players of a
sports team, employees of a company or arguments in an AF
and P(.9) its powerset. A social ranking function &, as intro-
duced by Moretti and Oztiirk (2017), maps a preorder 1 on
P(S) to a partial order on S. The most prominent social
ranking function is the lexicographic excellence operator
(lex-cel), which was first proposed by Bernardi, Lucchetti,
and Moretti (2019). It ranks elements based on the best sets
they appear in, proceeding lexicographically if there are ties.
In order to make this idea formal, we need a measure of the
quality of a set that allows us to compare any two sets. For
this, we introduce the notion of the rank of a set.
Definition 10. Let X C S be a subset of S and 3 a pre-
order on P(S). Moreover, let X1, X, ..., X}, be a longest
sequence such that X1 1 Xo 1 --- 1 Xy 3 X. Then, we
define the rank of X, as rank=(X) =k + 1.

Moreover, for an element x € S, we define

zp = {X € P(S) | ranko(X) = k,z € X},

as the number of rank k subsets that x is contained in.

With this definition at hand, we can now define the lex-cel
social ranking function.
Definition 11. Let x,y € S be two elements of S. We define
the lex-cel ranking ='¢¥<¢ by (i) x ='67c¢l o if there exists
a k such that x; 5 = y; o forall i < k and x5 > yr,o
and (ii) x ~1%cl y if v; 5 = y; 5 foralli € N.

Intuitivelyt an object z is ranked better than y by the lex-

icographic excellence operator if z is contained in more
highly ranked sets than .



Example 3. Consider our running example from Example 1
and we are using the complete extension-ranking semantics.
Then, we have three sets with rank 1, namely the complete
extensions. The argument a is contained in all three sets with
rank 1, while ¢ and d are only contained in one such set
each. Consequently a lex-cel o and q >'excel d Now, the
final admissible sets ) and {d} are dominated by all three
complete extensions under the complete extension-ranking
semantics, but dominate all non-admissible sets. Therefore,
they are the only sets with rank 2. It follows that d =< ¢
as both are contained in the same number of sets with rank
1, but d is contained in more sets with rank 2.

Similarly to argument- and extension-ranking semantics,
social rankings have been studied axiomatically. Let us first
introduce an axiom that has been part of a characterization
of the lex-cel function under the assumption that the ranking
over sets is a total preorder (Bernardi, Lucchetti, and Moretti
2019). As we generally do not assume the ranking over ex-
tensions to be a total preorder, the characterisation does not
hold in our setting, but it is straightforward to see that the
lex-cel function still satisfies this axiom.

Definition 12 (Independence from the worst set). Let J be
a preorder on P(S) and X, Y C S, let

- k(X
w Xlél%é)(m” 2(X))

and assume that J* is another preorder on P(S) for which
it holds

e rank5+(X) = rank5(X) for all X € P(S) st
rank=(X) < w.
o rank5+(X) > w forall X € P(S) s.t. rank5(X) = w.

Then for any social ranking function that satisfies Indepen-
dence from the worst set, we must have that x =3 y implies
T =10x Y-

Intuitively, this axiom states that if one element is already
strictly worse than another, and we further subdivide the
worst sets, this strict preference remains. As we will see
later, this axiom will be crucial for satisfying our desired
refinement property. We introduce a new axiom inspired by
the classical Pareto-efficiency concept (Moulin 2004), that is
satisfied by most reasonable social ranking functions.

Definition 13 (Pareto-efficiency). Let 1 be a preorder on
P(S) and let x,y € S be elements such that

» rank5(Z U {z}) < rank=(Z U {y}) for all Z € P(S)
withx,y ¢ Z;

 rank5(Z U{z}) < rank5(Z U {y}) for at least one Z €
P(S)withz,y ¢ Z.

Then, for any social ranking function & that satisfies Pareto-

efficiency, we must have x >5 Y.

Furthermore, we establish the novel Dominating set ax-
iom which captures the intuition that if there exists a set
containing the object x that is ranked better than every set
that contains some other object y, then x must be ranked
better than y by the social ranking function.
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Definition 14 (Dominating set). Let J be a preorder on
P(S) and let x,y € S such that there exists X C S with
xz € X andforallY C Swithy € Y then X JY. A social

ranking function ¢ satisfies Dominating set iff « >§; Y.

Crucially, Independence from the Worst Set and Pareto-
efficiency together imply Dominating set.

Theorem 1. Any social ranking function that satisfies Inde-
pendence from the worst set and Pareto-efficiency also sat-
isfies Dominating set.

4 Defining Argument-ranking Semantics via
Social Rankings

The idea of combining extension-ranking semantics with
argument-ranking semantics was briefly discussed by Skiba
et al. (2021), where, based on a ranking over sets of argu-
ments, a ranking over arguments was defined. In this section,
we take a more general view on this approach and define
argument-ranking semantics based on an extension-ranking.

The Singleton Approach

The most immediate way of ranking objects based on a rank-
ing over sets of objects is to restrict the ranking over sets of
objects to the singleton sets. The behaviour of these single-
ton sets then gives us insight into the relationship between
the objects. If {a} is ranked better than {b} then « is also
ranked better than b in the restricted ranking.

Definition 15. Let ' = (A, R) be an AF and T any
extension-ranking semantics. For any two arguments a,b €
A, the singleton argument-ranking semantics ST, is defined
viaa =577 b iff {a} 2% {b}.

Bernardi, Lucchetti, and Moretti (2019) have already dis-
cussed that a ranking based solely on singleton sets is too
simplistic, as it ignores all the information provided by rank-
ings over sets with cardinality larger than one. In the context
of abstract argumentation, this is also the case.

Example 4. Consider the AF Fy from Example 1. We use
r-ad as the underlying extension-ranking semantics, then
since {a} and {d} are admissible we have a :%T’"'“d d and
both {b} and {c} are conflict-free and not defended, so

ST r-ad b _STrad ¢
—F

a :‘;';Trrad d >—F1 1

The example shows that ST ,._,4 has a limited expressive-
ness, since ST ,..q has at most three ranks. The first rank
contains arguments for which the singleton set is admissi-
ble and the lowest rank are all self-attacking arguments, in
between are the non-admissible sets, but conflict-free single-
ton sets. Observe also that this approach does not refine the
classical skeptical/credulous acceptance classification, as in
Example 4 the credulously accepted argument c is ranked
the same as the rejected argument b.

Generalised Social Ranking Argument-ranking
Semantics

In the literature, a number of different social ranking func-
tions that are more complex than the singleton approach



can be found (Algaba et al. 2021; Bernardi, Lucchetti, and
Moretti 2019; Haret et al. 2018; Khani, Moretti, and Oztiirk
2019). To understand what constitutes a good social rank-
ing function in this context, we define a general argument-
ranking semantics using social ranking solutions with re-
spect to an extension ranking.

Definition 16. Let FF = (A, R) be an AF and £ a social
ranking function with respect to extension ranking . For
any a,b € Awe call &, the Social ranking argument-ranking
semantics such that: a tif biffa =5 b

In words, an argument « is at least as strong as argument
b if the social ranking function ¢ applied to the extension
ranking 7 returns that a is at least as strong as b.

Example 5. In Example 3 the social ranking argument rank-
ing lex-cel,.., was applied to the AF F) from Example 1
where lex-cel is used and the underlying extension-ranking
is r-co. Thus, the resulting argument ranking is:

b

Any social ranking function can be used to rank argu-
ments. Skiba et al. (2021) have used a variation of the lex-cel
social ranking function in their definitions, where an argu-
ment ¢ is ranked better than another argument b if we can
find a set E' containing a which is ranked better than any set
containing b.

Definition 17 ((Skiba et al. 2021)). Ler F = (A, R) be an
AFE a,b € A, and T be an extension-ranking semantics. We
define an argument-ranking semantics =7 via a =% b iff
there is a set E with a € E s.t. for all sets E' with b € E’
we have E J7, E'.

Example 6. Continuing with Example 1. Using r-ad as the
underlying extension-ranking semantics, we see that {a,c}
and {a,d} are admissible sets, hence also among the most
plausible sets. Since r-ad satisfies ad-generalisation there
cannot be any set containing b ranked strictly better than
these two sets. This observation result in the ranking a z}'lad
¢ ~p0d g -10d b Since {a,c},{a,d} € o(F) for o €
{co, pr, stb} the ranking is the same for any r-c. Only for
r-gr the induced ranking differs: a =75?" ¢ ~79" d =3 b.

The previous examples show that where lex-cel;., can
differentiate a, b, c,and d, the argument ranking of Defini-
tion 17 under r-co does not allow to distinguish among a, ¢
and d. Indeed, lex-cel is more informative than the operator
of Skiba et al. (2021).

Proposition 1. Let F = (A, R) be an AF, a,b € A and T
an extension ranking. If a tlf‘;lx'“lf b, then a >, b.

lex-cel,.c,

lex-cel,. d lex-cel,..,
reo o - o o
Fy Fy

a>F1

In particular, lex-cel.., allows us to distinguish among
skeptically and credulously accepted arguments (a is ranked
before ¢ and d). To capture this, we define a skeptical vari-
ation of o-Compatibility. Skeptical accepted arguments are
part of every o-extension, therefore they should be ranked
better than any other argument.

Definition 18. Ler F' = (A, R) be an AF, a,b € A, and
let o be a extension-based semantics. Argument-ranking
semantics p satisfies o-skeptical-Compatibility (o-sk-C) iff
a € sky(F)and b ¢ sky(F) then a =", b.
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Crucially, a well-behaved argument ranking semantics
should be able to rank skeptically accepted arguments be-
fore all credulously accepted ones, which should be, in turn,
ranked before all rejected arguments. This translated to the
following refinement property.

Definition 19 (o-Refinement). Argument-ranking seman-
tics p satisfies o-Refinement if p satisfies o-C and o-sk-C
for extension-based semantics o for all AFs F'.

Next, we investigate principles for social ranking based
argument-ranking semantics from a general point of view.
We are interested in understanding which combinations of
axioms for extension-ranking semantics 7 and social ranking
functions & represent necessary and sufficient conditions for
the corresponding social ranking argument-ranking seman-
tics &, to satisfy fundamental principles of argument rank-
ings, chiefly among them our desired refinement property.
This translates to the following research questions:

RQ1 What properties of £ and 7 are adequate to ensure that
&, satisfies a specific principle for argument-ranking se-
mantics?

RQ2 What properties of &, are adequate to ensure that &
satisfies a specific principle for social ranking functions
when combined with a certain extension-ranking seman-
tics 77

Next, we address RQ1 and RQ2 for a selected number of
principles for argument ranking semantics.

Sufficient Conditions for Social Ranking Argument-
ranking semantics We start by considering o-
Compatibility. For this we show that Independence
from the worst set together with the quite weak condition
Pareto-efficiency, is sufficient for satisfying o-C.

Theorem 2. Ler F (A,R) be an argumentation
framework, T an extension-ranking semantics satisfying o-
generalisation for the extension semantics o and & a social
ranking function that satisfies Independence from the worst
set and Pareto-efficiency. Then, &, satisfies o-C.

Proof. Consider first the extension ranking 1 defined by
X 2% Yifandonly if X € o(F) and Y ¢ o(F). Further-
more, let z € cred,(F) and y € rej,(F). Then, we claim
that = ==" y for any social ranking function ¢ that satisfies
Pareto-efficiency: As z is credulously accepted, there exists
aX € o(F)with x € X and as y is rejected, we have Y ¢
o(F)forally € Y.It follows that rank 5o (X \{z})U{z}) =
1 < rank=0 ((X \ {z}) U{y}). On the other hand, there can
be no S such that rank+ (S U {y}) < ranko.(S U {z})
as, due to the fact that w = maxXgA(rankg«; (X)) = 2,
this would imply rank—-(S U {y}) = 1 and therefore
SU{y} € o(F).

Furthermore, as 7 satisfies o-generalisation, we know that
rankoe (X)) = 1if and only if rank5- (X)) = 1. Therefore, it

qm

FY
O

follows from Independence from the worst set that z >
implies x >§I y. Consequently, &, satisfies o-C.

Next, we show that Independence from the worst set and
Pareto-efficiency together also imply that every skeptically



accepted argument is ranked before any argument that is not
skeptically accepted.

Theorem 3. Let F (A,R) be an AE T an
extension-ranking semantics satisfying o-generalisation for
an extension-based semantics o, then if social ranking func-
tion & satisfies Pareto-efficiency and Independence from the
worst set then &, satisfies o-sk-C.

Proof. Let F' = (A, R) be an AF, 7 an extension-ranking se-
mantics satisfying o-generalisation for an extension-based
semantics o, and £ a social ranking function satisfying
Pareto-efficiency and Independence from the worst set.
Since o-generalisation is satisfied by 7 we can view 7 as
a refinement of the extension-ranking semantics 7/ defined
by X J7. Yiff X € o(F)and Y ¢ o(F) for X,Y C A.
Now consider two arguments a,b € A, such that a €
sko(F) and b ¢ sk,(F'). Assume there exists a Z C A\
{a,b} s.t. rank 5./ (ZU{b}) < rank 5./ (Z U {a}). Since 7’
only has two levels, this implies Z U {b} € maz,(F) and
thus Z U {b} € o(F). As a € sk,(F), we must have a €
ZU{b}. However, as a ¢ Z we know that also a ¢ ZU {b}.
This is a contradiction and hence such a Z cannot exist.
Since b ¢ sk, (F) we know there it exists a set Y C A
s.t.Y € max, (F)and b ¢ Y. Hence, because a € sk, (F)
we know that (Y \ {a}) U {b} ¢ max, (F). Consequently,

Pareto-efficiency implies a »%' b.

Asa >-§;' b holds for 7/, and 7 is a refinement of 7/ such
that maz, (F) = max,(F), it follows from Independence

for the worst set that the same holds for 7,i.e. a >§,f b. O

Observe that Independence from the worst set means that
we might have to ignore most of the information that is avail-
able to us. Next we show that, at least for the rank informa-
tion, this is essentially unavoidable if we want to satisfy cf-
C. Let us first introduce an axiom that encodes the idea that
we cannot ignore overwhelming, rank based evidence.

Definition 20 (Rank k-super majority). Let k € N be a natu-
ral number. Then we say a social ranking function & satisfies
rank k-super majority if for all x and y such that

{Z eP|xyd Zhrank(ZU{z}) < rank(ZU{y})}| >
kE{Z € P|x,y & ZArank(ZU{y}) < rank(ZU{z})}|,

we have x > y.

In words, if there are k-times as many sets Z s.t. the rank
of Z U {z} is strictly better than the rank of Z U {y}, than
the other way round, then x must be (weakly) preferred to y.

Proposition 2. Any social ranking function that, together
with r-cf, satisfies cf-C but violates rank k-super majority
for every k.

Next, consider the axiom SC. Here, we can find a prop-
erty of social ranking functions that guarantees that £, sat-
isfies SC under the assumption that 7 satisfies the following
principle:

Definition 21 (Respects Conflicts). For AF F' = (A, R) and
E,E’ C A extension-ranking semantics T satisfies respects
conflicts if E € cf(F) and E' ¢ cf(F), then E 1}, E'.
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To show that &, satisfies SC we also need the Dominating
set property from Definition 14. With these two properties
we can then show when SC is satisfied.

Theorem 4. For AF F (A, R) if extension-ranking
semantics T satisfies respects conflicts and social ranking
Sfunction £ satisfies Dominating set, then &, satisfies SC.

Necessary Conditions for Social Ranking Argument-
ranking semantics Let us try to go the other way, that is
finding necessary conditions for the social ranking functions
to satisfy desirable properties. First observe it is not possi-
ble to formulate any necessary conditions that also hold for
any ranking that cannot be realised by any AF, i.e., we can-
not find an AF that induces this ranking. This is because
any property of the argument-ranking only restricts the so-
cial ranking function on realisable rankings. Therefore, we
need to define the following concept.

Definition 22. Let X be a set of arguments and let J be a
preorder on P(X). Then, we say that 1 is T-realisable for a
extension-ranking semantics T if there is an AF F = (A, R)
with A = X such that Jp=2.

For example, for a set {a,b} any preorder containing
{a,b} O {a} is not r-cf-realisable. The conflicts in {a, b}
must be a strict super-set of the conflicts in {a}. On the
other hand, the preorder containing exactly the relations
{a} 3 {a,b} and {b} 3 {a,b} is realised by AF F =
({a, b}, {(a,0)}).

Theorem 5. Let & be a social ranking function such that
&r-cy satisfies cf-C. Then, & satisfies Dominating set for all
r-cf-realisable preorders .

Proof. Let Jbe a cf-realisable preorder and let /' be an AF’
that realises it. Assume further that there are x,y € A such
that there exists a X with z € X for which we have X 1Y
forall Y such thaty € Y.

As X contains z, its set of conflicts must be a strict super-
set of the conflicts in {x}. It follows that {z} J X O Y
and hence by transitivity also {x} 3 Y for all Y such that
y € Y. In particular, it follows that {z} O {y}. By def-
inition, this means CFp({z}) C CFpr({y}), which can
only hold if y is self-attacking and z is not. However, then
z is credulously accepted in the under conflict-free seman-
tics while y is not. Consequently, it follows from cf-C' that
x > y. Hence, dominating set is satisfied. O

It follows that dominating set is a necessary and sufficient
condition for a social ranking function to satisfy cf-C when
combined with r-cf. A similar result can be found for ad-
missible semantics.

Theorem 6. Let & be a social ranking s.t. &,_qq Satisfies ad-
C. Then ¢ satisfies Dominating set for all r-ad-realisable
preorders .

Proof. Let 1 be a r-ad-realisable preorder and AF F' =
(A, R) induces 1. Assume z,y € A such that there exists
X C A with x € X for which we have X 1 Y forall Y
such thaty € Y.



Assume that the set X is not admissible. That means one
of the following two cases must apply:

(1) CFr(X)#0 (2) UDp(X) #0.

To (1): Then, there is some attack (a,b) € CFr(X) for
a,b € X. From X 1 Y it follows that CFp(X) C
CFp(Y) and thus (a,b) € CFp(Y).Now,ify =aory =b
it follows that y € X which directly contradicts our assump-
tion because of X =Y’ for Y’ = X withy € Y’. However,
ify # aand y # b we can construct Y’ = Y \ {a,b}.
Clearly, that means we either have CFr(Y’) = () which
means Y 3 X or we have CFr(Y') # 0 which implies
X =< Y’.Because of y € Y’ both cases contradict the initial
assumption, hence we must have that CFp(X) = 0, i.e. the
set X is conflict-free.

To (2): Then, there exists an argument ¢ € UDp(X)
which is not defended by X . Consider now the set Y’ = {y}
for which we either have that UDp(Y') = QorUDp(Y') =
{y}. f UDR(Y') = 0, it follows directly that Y' 3 X,
contradicting our initial assumption. On the other hand, for
UDp(Y') = {y} we distinguish between two cases:

(2.1) 22) y#az

Clearly, if + = y we contradict our initial assumption be-
cause X Y” for Y” = X. Consider now the case
y # x. That means, we have that UDp(X) < UDp(Y’)
and thus X =< Y’. Therefore, it follows that we must
have UDp(X) = 0, i.e. X defends all its elements. That
means X is admissible and thus it follows directly that
x € credgq(F).

From UDp(X) = 0 and X O%P Y for all Y it fol-
lows that UD g (Y") # 0. Since J satisfies ad-generalisation
it follows that Y ¢ ad(F) for all Y and thus also y €
rejqd(F). Consequently, it follows from ad-C' that x > y.
Hence, Dominating set is satisfied. O

or,

y=2x,

The previous result suggest that we should check if lex-cel
satisfies Pareto-efficiency.

Theorem 7. lex-cel satisfies Pareto-efficiency.

A detailed investigation of the lex-cel argument-ranking
semantics lex-cel, with respect to the satisfied principles
will be done in future work.

5 Related Work

A number of social ranking functions are discussed in the
literature. Like the ordinal Banzhaf relation (BI) by Khani,
Moretti, and Oztiirk (2019) or ceteris paribus majority rela-
tion (CP) by Haret et al. (2018). However, the corresponding
Social ranking argument-ranking semantics B, and C' P,
do not generalise credulous acceptance, because these two
argument-ranking semantics with respect to r-ad do not sat-
isfy the principle SC (the corresponding counter-examples
and definitions can be found in the supplementary mate-
rial). So, self-contradicting arguments are not necessarily the
worst ranked arguments. These two social ranking functions
are not suitable to rank arguments in the context of abstract
argumentation and therefore we do not discuss them further.
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Figure 2: AF F; from Example 7.

A number of other argument-ranking semantics were in-
troduced in the literature (for an overview see Bonzon et al.
(2016)). However, the only known argument-ranking seman-
tics satisfying ad-Compatibility is the serialisability-based
argument-ranking semantics (ser) by Bliimel and Thimm
(2022). The serialisability-based argument ranking seman-
tics ranks arguments according to the number of conflicts
that need to be resolved to include these arguments in an
admissible set. However, this semantics violates co-sk-C.

Example 7. Let I, be the AF as depicted in Figure 2. Then
argument d € sk.,(Fs). So, according to co-sk-C it should
hold that d » a, however this is not the case for ser, i. e.
a >=3" d. Thus co-sk-C is violated.

lex-cel, is the only known argument-ranking semantics
that satisfies o-C and o-sk-C and thus satisfies o-Refinement
for extension-based semantics o. Thus, lex-cel, is part of
none of the equivalence classes of argument-ranking seman-
tics defined by Amgoud and Beuselinck (2023).

6 Conclusion

In this paper we have combined well-known approaches
from abstract argumentation and social ranking functions to
define a new family of argument-ranking semantics. The re-
sulting semantics are generalisations of the acceptance clas-
sifications for abstract argumentation. Thus, the skeptically
accepted arguments are ranked before credulously accepted
arguments and those are ranked before rejected arguments,
and within each of these groupings the arguments are also
ranked. All the methods used are off the shelf approaches
and already discussed in the literature, showing the connec-
tion between social ranking function and argumentation as
well as the simplicity of this approach.

The converse problem to social ranking functions are /ift-
ing operators, i.e. given a ranking over objects, we want
to construct a ranking over sets of objects. These operators
have been discussed for argumentation in the past by Yun
et al. (2018) and Maly and Wallner (2021). However, both
theses papers do not present a complete picture of lifting
operators for abstract argumentation, since they either con-
sider only a subset of sets of arguments (Yun et al. (2018))
or only discuss lifting operators for ASPICT (Maly and
Wallner (2021)). Skiba (2023) discussed some shortcomings
of lifting operators for argumentation frameworks and dis-
cussed the need to define lifting operators specifically tai-
lored to abstract argumentation to fully discuss the relation-
ship of argument-ranking semantics, extension-ranking se-
mantics and lifting operators.
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